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ABSTRACT. In reverse mathematics, is is possible to have a curious situation where we 
know that an implication does not reverse, but appear to have no information on on how to 
weaken the assumption while preserving the conclusion. A main cause of this phenomenon 
is the proof of a IIj sentence from the theory II^-CAo. Using methods based on the 
functional interpretation, we introduce a family of weakenings of II^-CAo and use them 
to give new upper bounds for the Nash-Williams Theorem of wqo theory and Menger's 
Theorem for countable graphs. 



1. Introduction 

The strongest of the "big five" systems of Reverse Mathematics is the system Tl\-CAo, 
whose defining axiom, H\ comprehension, states that 

3XVn[n e X o VF0(n, Y)] 

where <f> is an arithmetic formula (that is, a formula without set quantifiers). This axiom 
is impredicative: the set X is defined in terms of a quantifier over all sets, particularly 
including the set X itself and sets which may be defined in terms of X. 

It is impossible for a II2 sentence to imply n];-CAo (see ||8] Corollary 1.10] for a 
proof); this means that any proof of a Ii\ sentence in YI\-CAq can be optimized to go 
through in some weaker system. Despite this, n];-CAo is the best known upper bound 
for several II 2 theorems (in particular, the Nash-Williams TheorerrQ of bqo theory J8] and 
Menger's Theorem for countable graphs] 12J; rather than give the definitions necessary to 
state these theorems here, they are discussed in detail below). 

In this paper, we attempt to resolve this situation in a systematic way: using ideas 
derived from the functional interpretation, we isolate the portion of n^-CAo actually 
being used in these proofs, giving a family of weaker systems with II2 axioms, and then 
show that the proofs in n^-CAo actually go through, essentially unchanged, in these 
weaker systems. 

Rather than being based on the IT} comprehension axiom, we base our systems on the 
equivalent leftmost path principle: 

Let T be an ill-founded tree of sequences. Then there is a leftmost path 
through T. 

Our family of weaker systems use the E Q -relative leftmost path principle: 

Let T be an ill-founded tree of sequences. Then there is a path A through 
T such that no path through T which is T, a in T © A is to the left of A. 
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'Actually, the Nash-Williams Theorem is not TIj, but rather can be deduced in ATRo from a IIj sentence. 
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We define £ a -LPPo to be RCAo extended by the £ Q -relative leftmost path principle, 
and TLPPo to be RCAo extended by £ Q -relative leftmost path principle for every well- 
ordering a. Note that these formulations are still fundamentally impredicative: the branch 
A promised to exist is still to the left of paths which might be defined in terms of A itself. 
Our main results can be summarized as: 

Theorem 1.1. (1) S -LPP o implies ATR (TheoremW2\. 

(2) S2-LPP0 proves Kruskal's Theorem (Theorem \5.5\ 

(3) An^-TIo (see [14, Chapter VII.2]J implies £< W -LPP (Theorem^JT^. 

(4) TLPPo proves the Nash-Williams Theorem ( Corollary \7.12\) . 

(5) TLPPo proves Menger's Theorem for countable graphs (Theorem W .19\ . 

(6) S Q -|-2-LPPo proves the existence of an u-model satisfying S Q (IIj)-TIo (Theo- 
rem 14.31 ), 

(7) In a model satisfying S a+1 (II \ )-TI and WO(a) with a a successor, S a -LPP 
holds (Theorem \8.12h 

We emphasize that this paper does not give novel proofs of any of the mathematical 
theorems analyzed; our proof of Kruskal's Theorem is unchanged from Nash- Williams' 
proof [9], our proof of the Nash- Williams Theorem is taken from Marcone's work (8), and 
our proof of Menger's Theorem is the one given by Shafer Ifl2ll . Our goal is to illustrate 
that the methods here isolate the portion of II \-C A already being used in existing proofs, 
without requiring changes to the proofs themselves. 

We briefly explain the motivation for the relative leftmost path principle. The leftmost 
path principle is a II 3 sentence. Consider the analagous situation at the arithmetic level, a 
II3 sentence: 

a = \tx3yiz(j){x, y, z). 

If we prove a Ilj sentence r using a, we do not expect to need the full strength of a in the 
proof. The functional interpretation (see J2]|7l) can be used to extract a function F from 
the proof of a — > r together with a proof of 

{jx3y'Vz<F(x,y')4>(x,y',z)]^T. 

Informally, a proof of a — >• r in a reasonable system cannot actually use the fact that the 
witness y(x) to a is a genuine witness for all 2; the proof only used the fact that y(x) is a 
witness for finitely many particular choices of z (where the particular choices may depend 
on the value of y(x)), and therefore it suffices to use an "approximate witness" y' which 
good enough for this particular proof. 

The relative leftmost path principle follows a similar justification. A proof of a II 3, sen- 
tence from the leftmost path principle cannot depend on having an actual leftmost path; 
instead, given a supposed leftmost path A, the proof must produce some (now countable 
instead of merely finite) list of paths (again, depending on A), and use the fact that none of 
these paths are actually to the left of A. An appropriate form of the relative leftmost path 
principle then gives us an "approximate witness" which is good enough for a particular 
proof. (This analogy between set and numeric quantifiers is a bit misleading if taken too 
seriously; the arguments given in this paper are actually derived from a functional inter- 
pretation for quantifiers over ordinals 0.) 

2. Notation 

We briefly recall some notation which will be convenient to use throughout this paper. 
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We fix, throughout this paper, a computable bijective pairing function (•, •) : N 2 — > N. 
We routinely view subsets S of N as subsets of N 2 by equating S with the set of pairs x, y 
such that (x, y) G S. 

Definition 2.1. If S C N 2 , we write &eld(S) for {x \ 3y(x,y) G S or (y,x) G S}. We 
often write xSyfor (x, y) G S. We write S x for {y \ (x, y) G S}. 
By a partial order, we mean a set -<C N 2 such that: 

(1) If x -< y ant/ y < z then x -< z, 

(2) x -/<x for any x. 

We say -< is a linear ordering ///or every x, y G field(— <), either x < y, x = y, or 
y<x. 

When -< is a partial order, we write ~<for the reflexive closure of <. 

We always use < to denote the usual ordering on N. We often refer to orderings by a 
name for the field of the ordering, leaving the underlying order implicit. For instance, we 
will refer to a linear order a, and to the actual relation as -< a . 

Definition 2.2. A sequence from S is a function from a (proper or improper) initial segment 
ofN to S. A finite sequence is a sequence whose domain is finite while an infinite sequence 
is a sequence whose domain is N. For any n, we write o \ n for o \ [0,n]. We write 
(qo, . . . , q n ) for the sequence with dom((qa, . . . , q n )) = [0, n — 1] and (go, • ■ • , Qn)(i) = 
qi. When o is a finite sequence, we write \o\ for \ dom(cr)|. 

If o~,t are sequences, we write o C r to indicate that dom(er) C dom(r) and for all 
i G dom(a), o(i) = r(i). If a is a finite sequence, we write o^ t for the concatenation of 
a and t, dom(er'~'T) = dom(cr) U {|<r| + n \ n G dom(T)}, (ct'~"t)(Z) = o(i) if i < \o\ 
and (ct'"t)(/) = r(i — \o\) if i > \o\. 

If -< is a partial order on S, we extend -i, to sequences from S by setting o -< t if there 
is an v~~~ (n) C o, v"~ (m) C r where n -< m. 

We generally use letters o, t for finite sequences and A for infinite sequences. 

Definition 2.3. If -< is a partial order, we say -< is well-founded, sometimes written WF(^ 
), if there is no infinite sequence A such that A(i + 1) -< A(/)/or all i. If -< is both well- 
founded and linearly ordered, we say -< is well-ordered, written WO(-<). 
If -< is nof well-founded, -< is ill-founded. 

We equate 7 G field(^ Q ) = a with {(5 G field(a) | 5 ^ a 7}. 

Definition 2.4. A tree of sequences is a set T of finite sequences such that if o G T and 
t \— o then t G T. A path through T is an infinite sequence A such that for all n, 
A t n G T. 

We say T is well-founded if there does not exist a path through T. 

Equivalently, T is well-founded iff the restriction of □ to T is a well-founded partial 
order. 

We make extensive use in this paper of the standard systems of Reverse Mathematics, 
particularly RCA , ACA , ATR , and n];-CAo. [14] is the standard reference. 

Definition 2.5. If Y is a set and -< is a partial order, for any j G field(-<) we write 
(Y) j = {(m, i) G Y I i -< j} and (Y)j = {m \ (m, j) G Y}. 

If 9(x, Y, z, Z) is a formula with the displayed free variables, we write Hg(a, Y, z, Z) 
for the formula which says that for every j € a with j 7^ 0, (Y)j = {x | 9(x, (Y) J , z, Z)}. 
When 6 is a universal Si formula, we just write H(a, Y, Z), omitting the other parameters. 
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Recall that the main axiom of ATR is Va(WO(a) -> 3YH e (a, Y)). 

Definition 2.6. If <j) is a formula, TI(a, cj>) is the formula stating that transfinite induction 
for (j) holds along a: 

Vx e field(a) [Vy ^ Q x<j)(y) -¥ (j){x)] -> Vx G field(a)</>(a:). 

3. Principles and Claims 

In this section we introduce the main principles we will work with through the rest of 
this paper. 

Definition 3.1. Let T be a tree of sequences and let -<be a partial order. A path A through 
T is minimal (with respect to -<) if there is no path A' through T such that A' -< A. 
MPPo is the theory consisting o/RCAo together with the minimal path principle: 

IfT is an ill-founded tree of sequences and -< is well-founded then there 
exists a minimal path through T. 

LPPo is RCAo together with the restriction of the minimal path principle to the case 
where -< is the usual ordering < on the natural numbers. We call this the leftmost path 
principle. 

We will later show that the minimal and leftmost path principles are equivalent (The- 
orem |4j4]l, and in a computable way, so in all the variants we introduce, there will be no 
difference between the minimal and leftmost versions. 

The following is proved in 1 8 ] : 

Theorem 3.2 (RCA ). LPP is equivalent to nJ-CA . 

We introduce a family of restricted forms of MPPo and LPPo: 

Definition 3.3. For any n, S n -MPPo is RCAo together with the S„-relative minimal 
path principle: 

Whenever T is an ill-founded tree of finite sequences and -< is a well- 
founded partial order, there is a path A through T such that there is no 
path A' through T which is S„ in T © A such that A' -< A. 

S n -LPPo is RCAo together with the restriction of the T, n -relative minimal path prin- 
ciple to the case where -< is <. 

When we take ATRo to be our base theory, we may extend this definition to higher 
levels of the jump hierarchy. We will see later that even Sq-LPPo implies ATRo- 

Definition 3.4. Let a be a well ordering. S Q -MPPo is RCAo together with the E Q - 
relative minimal path principle: 

Whenever T is an ill-founded tree of finite sequences and -< is a well- 
founded partial order, there is a path A through T and a S satisfying 
H{a, S, T © A) such that no index of S is a path through T to the left of 
A. 

Finally, TMPPo is RCAo together with the transfinite minimal path principle 

Whenever a is a well-founded ordering, S Q -MPPo holds. 

S Q -LPPo and TLPPo are the restrictions o/S Q -MPPo and TMPPo respectively 
to the case where -< is <. 
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Note that TMPP and TLPP are axiomitized by Hi formulas. 
The minimal path principle is inconvenient to analyze, and for that purpose we will 
introduce some convenient theories of transfinite induction. 

Definition 3.5. A formula is H\, which we will also write So(n}), if it has the form 

VX<j)(X) 

where cj) contains no set quantifiers. A formula is £„ + i(Il}) if it has the form 3x<fi(x) 
where ip is built from H \ formulas using propositional connectives ( A, V, — >, and ->). 
We write Yl n (Tl\)-TI Q for ACA together with the scheme: 

^P(WF(P)^TI{P,4>)) 

whenever (j) is a £ n (Il}) formula. 

Note that a formula is ^411} exactly if the formula is £„(II}) for some n. In particular, 
S <LJ (nJ;)-TIo is precisely the theory All \ — TIo, which is known to have the same 
proof-theoretic strength as II^-CAq (see ifPfll ). 

We would like to extend this hierarchy to ordinals without adding comprehension over 
IlJ formulas. Since we only use this hierarcy to calibrate the strength of TMPPo, we 
take a simple but indirect approach. 

Definition 3.6. Let M be a model of second order arithmetic and let a be a well-ordering. 
We say M satisfies S Q (nJ)-TI if whenever 4>{X) is an arithmetic formula, Z = {n \ 
4>{M n )}, H(a, Y, Z), M N WF(Mi), and W is computable from Y, then TJ(Mj, W). 

Note that X Q (n];)-TTo is not a theory in the language of second order arithmetic, 
however it is convenient, within a ground model N of second order arithmetic, to discuss 
whether some countably coded w-model M satisfies £ Q (II;J;)-TIo. In particular, when N 
satisfies ATRo and WO(a), M satisfying X Q (n^)-TIo is a sensible notion defined by 
a sentence of second order arithmetic. 

4. Lower Bounds on the Leftmost Path Principle 

We show that even the weakest principle we are considering, So-LPPo, is fairly strong. 
We begin by showing that it implies ACAo, which will let us use arithmetic comprehen- 
sion in later proofs, and illustrate our general method. 

Theorem 4.1 (RCA ). S -LPP implies ACA |3 

Proof. It suffices to prove Si comprehension. Let cf>(x, y) be a Eo formula (possibly with 
parameters). We say a finite sequence a from {0, 1} is valid if for each i < |er|, 

a{i) = 0^Vj < \a\^cf>(i,j). 

Consider the tree T of valid finite sequences; T is clearly computable from its parameters, 
and is ill-founded since the function given by Ao(i) = 1 for all i is an infinite path through 
this tree. 

Note that if A is any infinite path through T and A(i) = then \/y^<fi(i,y, S): if 
<p(i, m, S) then we cannot have any a e T with |er| > m and a(i) = 0. 

By Sq-LPPq, we may find a path A so that no infinite path A' computable from A is 
to the left of A. Suppose {i | A(i) > 0} ^ {i 3y4>(i,y, S)}. Since A(i) = implies 



1 The simplified construction here was pointed out to us by Stephen Simpson. 
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Vy-></>(i, y, S), it must be that there is some i with A(i) > but My-«f)(i, y, S). But then 
the function 



is also an infinite path through T and easily computable from A. But A' < A, contradicting 



Theorem 4.2 (RCA ). E -LPP o implies ATR . 

Proof. It suffices to show transfinite recursion over Ei formulas. Suppose WO(a) and let 
6{x) — 3ycp(x,y,Y); we will show that 3YHg(a, Y). Note that since <p is E , for any 
i, Y such that 3y<f>(i, y, Y) holds, there is an m such that for any Y' such that Xy' \ m = 
Xy \m,3y < m<f>(i,y,Y'). 

We will again consider a tree of potential characteristic functions for Y. A finite se- 
quence of natural numbers is valid if: 

• For any 7 G field(a) and any i such that cr((i, 7)) = 0, there is some Y such that 
Xy \ dom(cr) = a and Vy < y, (T) 7 ), 

• If cr((i, 7)) > 1 then there is some Y such that xy f dom(cr) — a and </>(i, cr((i, 7)) — 



• If there are j, S such that (j, S) < (i, 7), <5 > a 7, and cr(j, (5) ^ 1 then cr((i, 7)) ^ 
1. 

Note that, since is a computable formula, these conditions are arithmetic (indeed, com- 
putable), despite the apparent set quantifier. 

The idea is that when <r((i,7)) = 0, the universal formula should be true, and when 
<r((i,j)) > 0, the existential should be true. When <r((i,-f)) — 1, the existential quan- 
tifier is "unjustified": no witness is required. When a((i,jj) > 1, however, a witness is 
required, and cr((i, 7)) — 2 should be such a witness. 

The final condition in the construction of the tree is perhaps the least obvious; the point 
is that when we set <r((i, 7)) =0, we might be depending on the fact that <r((j, <*>)) = 1 for 
some S < a 7 but j much larger than i so that (i, 7) < (j, 5). If we wanted to fix a potential 
characteristic function by setting <r((j, 5)) = 0, we would have to restore <r((i, 7)) = 1, 
and since (i, 7) appears below (j, 5), we are no longer moving to the left. Our solution is 
to require that once we set cr((i, 7)) 7^ 1 in a path, we are supposed to be certain about 
(j, 5) whenever 5 < a 7. This is enforced by requiring that we actually provide witnesses 
to existential formulas of all lower ranks. 

There are no requirements when <j(x) = 1, so the function Aq(x) = 1 for all x is an 
infinite path through this tree. By Eo-LPPo, we may find a relatively leftmost path A. 
Let Y — {i I A(i) > 0}. Since ACA satisfies arithmetic transfinite induction, we show 
by induction on 7 G a that (Y)^ = {i | 3y<f>(i, y, (Y) 1 }. Assume that Hgi^y, (Y)'') holds. 

Suppose 3y<t)(i, y, (Y) 1 ). Then there is some m such that whenever xy' \ m = xy \ 
m, 3y < m<p(i,y, (Y'y). Then we cannot have A((i,7)) = 0, so A((i,7)) > and 
therefore i G {Y) 1 . 

Suppose Vy-i<j)(i, y, (Y) 1 ). IfA((i,7)) > 1, there would be some m such that whenever 
Xy' \ m = Xy \ m, <p(i,A((i, / y))—2, (Y 1 ) 1 ), contradicting the requirement on sequences 
in our tree. If A((i, 7)) = 0, i £ (Y) 1 as desired. So suppose A((i, 7)) = 1. 

Observe that for 5 < a 7, we have (Y)$ — {i \ 3y<fi(i,y, {Y) s }. In particular, if 
A(C?> ^)) = 1 anc l ^<«7 then there must be some y such that 3ycf>(i, y, (Y) s ), and we 




the fact that A was relatively leftmost. 



□ 



2, (IT), 
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may therefore computably (in (Y) s ) find such a y; we name this value y(j, S). We define 

y(j, 5) + 2 ifS< a 7 , A((j, 6)) = 1, and (*, 7 ) < (j, S) 

A((j, 5)) if 5 < Q 7 and either A((j, J)) ^ 1 or (j, <5) < (*, 7 ) 

A'((j,<5)) = <( 1 if<5> a7 

A (0'><*)) if(5 = 7 andj/z 

if j = i and 5 = 7 

Note that A' < A: if (j, 8) < (i, 7) and <5 < Q 7 then A'((j, (5)) = A((j, <5)) by definition, 
while if 6 > a 7 then, since A satisfied the third condition in the definition of the tree, we 
must have had A((j, 5)) = 1 = A'((j,5)). 

We check that A' is an infinite path through T; let Y' = {i \ A'(i) > 0}. let a C A' be 
a finite initial segment. Suppose a((j, 5)) — 0; then 5 < a 7 and either A((j, <5)) = or 
(i, 7) = (j, 5), and since (Y') 7 = (Y) 7 and Vt/^(j, y, (F) 7 ), also Vy-0(j, y, (F') 7 )- 

If <j((j, 5)) > 1 then again S < a 7 and A'((j, 6)) - 2, (F) 5 ), so A'((j, 5)) - 
2,(F') 5 )- 

Finally, if there is any (j',5') < (j,5) with d < Q 5' and cr((j',(5')) ^ 1, we have 
5 < a 5' < a 7, and therefore a((j, 8)) ^ 1. 

So A' is an infinite path computable from A and to the left of A, which contradicts the 
choice of A. □ 

Finally, we give our main lower bound on S Q -LPP . The results below show that this 
bound is almost sharp, leaving a small gap between the amount of transfinite induction 
needed to obtain S Q -LPPo and the amount implied by S a -LPPo. 

Theorem 4.3. //RCA +S a+r LPP proves WO (a) then RCA +S Q+ i-LPP proves 
that there exists a countably coded u-model o/ACA satisfying S a (ni)-TI . 

Proof. We will view a sequence A as coding a model M by setting (i, n) £ M iff 
A((i,n)) > 0. Since M will be viewed as a countable coded cj-model, this is saying 
that Mi = {n A((i, n)) > 0}. 

In order to ensure closure under arithmetic comprehension, it will be convenient to 
have a name for the set M$. We consider an extension of the language of second order 

logic by countably many new set constants, Si, (For technical reasons, it will be 

convenient to assume that this language has existential quantifiers and negation, but no 
universal quantifier.) We view M as a model of this extended language by defining M N 
n G Si iff n G M,. 

We will define our tree so that when (f> is an arithmetic formula in this language with a 
single free variable, the set M^ ^^ = {n | M 1= <p{n)}. This will ensure that we have a 
model of ACA . (When we define conditions below, we fix a variable and only discuss 
M 0i where no other variables occur free in (f>; there are no conditions on other cases.) 

The new complication will be ensuring that the model satisfies S Q (Ili)-TIo. Suppose 
M were not a model of S a (n^)-TI ; then there would be some arithmetic cp(X,x), 
some n, and a sequence T, E Q in {j \ Vi</>(M i , j)}, such that Z is an infinite descending 
sequence in M n . (The key point, of course, will be that Z is in M.) We will ensure 

that if M( 2 ,n) is non-trivial then it is some descending sequence in M n . (We will also use 
M(!.„) to make the coding easier.) 

We will handle the dependencies of one set on another in a similar manner to the previ- 
ous theorem. For this purpose, we define 

• lvl((0, \t G Si])) = lvl(i) + 1, 

• lvl((0, \(f>~\ )) = if 4> is atomic and not of the form t G Si, 
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. M((o, H>l)) = ^((o,^l)) + i, 

• lvl((0, \4> A VI )) = J«/((0, [0 V VI )) = max{M((0, ^ )), iwi((0, |>1 ))} + !, 

• ZuZ((0, [3x0])) = ZvZ((0, fVx^D) = iuJ((0, \4[0/x]])) + 1, 

• lvl((l,n)) = lvl(n) + 1, 

• M((2,n)) = ZuZ(n) + 1, 

• lvl((i,j)) = in all other cases. 

We say a sequence a is vafef if whenever <r(((i, j), fc)) is defined: 

• If i = and j = \t € S n ] then a(((i,j), fc)) = a((n,k)), 

• If i = and j = \<p] where <fr is atomic and not of the form t G Si then 
cr(((i, j), fc)) — 1 if is true and if is false, 

• If i = and j = [-.0] then a(((i,j),k)) = 1 if [</>]), fc)) = and 
otherwise, 

• If i = Oand j — \<j> Aip] then a(((i,j), k)) = 1 if both <r(((0, \4>]),k)) > and 
<r(((0, [VI), fc)) > 0, and otherwise, 

• If i = 0, j = [3x0], and a(((i,j), k)) = then there is no u < \a\ such that 
a(((i,\4>(u)]),k))>0, 

• If i = 0, j = \3x4>-] , a(((i, j), k)) > 1, and ^(^ (((*, j), fc)) - 2)1 ), *)) is 
defined then ct(((z, [</>(o-(((i, j), fc)) - 2)]),fc)) > 0, 

• If i = 1, fc > 0, ando-(((i, j),0)) = then 

(1) a((n, fc)) is a sequence (qr , . . . , q k ), 

(2) Whenever i < k and a((m, %))) is defined, er((j, (q,+i, %))) > 0, 

(3) If fc > 1 then a((n, k - 1)) C cr((n, fc)). 

. If* = 2and<7(((l,i),0)) = 0then<7(((2,i),(fc,g)) = 1 if <r(((l,i), fc)) = q 
and otherwise. 

It is easy to construct an infinite path through this tree (the sequence constantly 1 will 
no longer work, because of the conditions for atomic formulas, A, and -i, but these cases 
are easily dealt with). 

Let A be the path given by S a+ i-LPPo. We show that for all n, 

(1) lfn = (0, \<j>]), M n = {i \ M t <j>(i)}, 

(2) If n = (2, m) and there is any infinite decreasing sequence in M m which is S Q+ i 
in M then M n is such a sequence. 

Naturally, we proceed by induction on Ivl (n) . The first claim is identical to the argument in 
the previous theorem. The second claim is obtained by a similar argument: suppose there 
is an infinite decreasing sequence T in M m which is in M. By construction, if M n 

is not such a sequence, we have u(((l, to), 0)) ^ 0, so we obtain a new sequence A' by 
setting A'(((l, m), 0)) - 0, A'(((l, m), fc + 1)) = T \ k + 2, and A'(((2, m), fc)) = T(fc), 
and resetting everything of higher level. Note that any component which depends on the 
values at Mn TO ) or M( 2jTn ) (for instance, sets defined by formulas containing the constant 
S(2.m)) has a higher index then m, and therefore all its indices are greater than ((1, to), 0). 
Since A'(((l, m), 0)) < A(((l, m), 0)) and A' is in M, we obtain a contradiction, 

so M n was already an infinite descending sequence in M m , concluding the induction. 

This immediately gives that M is a model of AC Ao . To see that M satisfies S Q (n \ )-TIo, 
observe that if that if Y = {n \ M 1= VX(f)(X, n)} then Y is 11° in M, and therefore any 
set E Q in Y is in M. In particular, any set S Q (nJ) is in M. It follows that M 

satisfies S Q (ni)-TI . □ 

Before continuing, we note that there is no difference in strength between the leftmost 
and minimal path principle. 
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Theorem 4.4 (RCA ). (1) LPP is equivalent to MPP . 

(2) For any a, S Q -LPPo is equivalent to E a -MPPo. 

(3) TLPPo is equivalent to TMPP . 

Proof. The right to left directions are all trivial. We prove the left to right direction. 

Let -< be a well-founded partial order. Since even S -LPP implies ACA , we may 
assume that -< is actually a linear order. (More precisely, we define x -<' y to hold if either 
x -< y or x, y are incomparable and x < y, and then use Ramsey's Theorem for Pairs, 
provable in ACA , to show that -<' is well-ordered.) 

We define a computable map ir from field (-<) C N to N <w such that if x -< y then 
tt(x) < n(y). We first define an auxiliary map n' inductively, n' will have the property 
that its image consists only of sequences of even numbers followed by a single odd number. 
We define n' by the following algorithm: let y be given and suppose n' (x) has been defined 
for all x < y. If there is any x < y such that y -< x, choose x ^-least such that this holds, 
so tt'{x) — a^(n), and set 7r'(y) = a^(n — 1, m) where m is the smallest odd number 
so n'(y) ^ n'(z) for z < y. If there is no such x, set n'(y) = (to) where m is again the 
smallest odd number so n'(y) ^ ir'(z) for z < y. 

Claim 1. Ifx -< y then tt'(x) < n'(y). 

Proof. We proceed by induction on the maximum of x and y with respect to <. 

Suppose y < x. We proceed by side induction on y along -<, so assume that whenever 
z < x and x -< z ~< y, tt'(x) < tt'(z). First, assume there is no such z, so y is -<-least such 
that x ~< y and y < x. Then for some a, n, ir'(y) = cr^(n) while ir'(x) = <j"~~ (n — 1, m) 
for some m, so certainly ir'(x) < n'(y). Otherwise, there is some z < x such that 
x -< z -< y; then we have ir'(z) < 7r'(y) by main IH and tt'(x) < tt'(z) by side IH, so 
tt'(x) < ir'{y). 

Suppose x < y. Suppose there is some z < y such that y < z, and let z be ^-least such 
that this is the case. Then by IH, -k\x) < tt'(z) = a"~' (n) while n'(y) — (n — 1, m). If 
a^(n — 1, to') C tt'(x) for some to' then we have to' < to, so tt'(x) < n'(y). Otherwise, 
since ir'(x) < a^(n), we must have ir'(x) < a and therefore 7r'(x) < 7r'(y). If there is 
no such z, n'(y) = (m) while ir'(x) = (n)^a where n < to, so again ir'(x) < n'(y). H 

Claim 2. Ifiz'{x) < ir'(y) then x -< y. 

Proof. Since -< is a linear order, if x -fc, y then either x — y, in which case ir'(x) n'(y), 
or y -< x in which case n'(y) < n'(x), so n'(x) ft n'(y). H 

Claim 3. {a \ 3xa C ir'(x)} is well-founded. 

Proof. Suppose not, and let er □ a\ □ • • • be an infinite descending sequence. Since 
odd numbers are always terminal, each <7i consists only of even numbers. Note that, by 
construction of n', if o~i = rf (n — 1), there must be some Xi such that n'(xi) — rf (n). 
We must have Oi C 7r'(x i+ i), and therefore 7r'(a; i+ i) < w(xi), so x i+1 -< a;,. Therefore 
the Xi form an infinite descending sequence through -<, contradicting the fact that -< is 
well-founded. H 

Now we define ir(x) = n'(x)^(x). (The purpose of this suffix is to ensure that the 
inverse map is computable.) Given a sequence a, define n(a) inductively by 7r(()) = () 
and Tr(a^(n)) = 7r(cr)'"7r(n). tt is clearly injective. 

Now let T be an ill-founded tree of finite sequences and define X" = {a | 3r e To C 
7r(r)}. Since S -LPP implies ACA , T' exists. If A is an infinite path through T, 
7r(A) is an infinite path through T", so X" is ill-founded. 
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Claim 4. If A' is a path through T', there is a unique path A through T such that 7r(A) = 
A', and A' is computable from A. 

Proof. Note that, since {a \ 3xa C 7r(a;)} is well-founded, all subsequences of A' con- 
sisting only of even numbers must be finite. Then we may uniquely decompose A' into a 
sequence of blocks 

A' = cr^{n 0l mo)"V:p(ni,mi) • • • 
where cr, consists only of even numbers and is odd. Then for each i, we must have 
7r(mi) = af(ni), so setting A(i) = rnt, we have 7r(A) = A'. H 

Let A' be a path through T" given by LPP and let A be the unique path through T 
such that 7r(A) = A'. If A* -< A then 7r(A*) < A', contradicting the choice of A. The 
second and third parts of the claim follow since if A* is T, a in A, 7r(A*) is S Q in A'. □ 

4.1. Models of S}-DC . In this section we follow almost exactly the notation of |[T4l 
Chapter VIII.4] 

Definition 4.5. We write + (a, X) to mean that a = (e, i)for some e and i and that e is an 
X -recursive index of an X-recursive linear ordering and i G field(<^). IfO+{a, X) 
and X), we write b <@ a to mean that a — (e, i), b = (e, j), and j <^f i. 

We write 0(a, X) to mean that 0+(a, X) and there is no infinite sequence (aj) such 
that a = clq >q ai >@> 

Theorem 4.6 (TLPPo). IfT is an ill-founded tree of sequences and -< is well-founded 
then there is a countable coded tu-model M such that T € M, M satisfies S ^-DCo, and 
M satisfies that there is a ^-minimal path through T. 

Proof. We first carry out the proof of Lemma VIII.4. 18 of 1 14], taking into account that 
we need to also include a path through T which will become our ^-minimal path. 

Let 0\(a, T) be a Ej formula stating that there is an infinite path A through T such 
that: 

(1) 0+(a,T), 

(2) There is a countably coded w-model M of ACAo such that T G M, A G AI, and 
M satisfies 0(a, T) A 3YH(a, Y, T © A) and M satisfies that A is a ^-minimal 
path through T. 

If 0(a,T) holds then certainly Oi(a,T), a — (e,i), and since <J \ i is a well-order, 
there is a A such that no path computable in a Y satisfying H(a, Y, T ffi A) is -< A. Since 
TLPP implies ATR , we have some Y such that H(a, Y,T © A), and we may take M 
to be the set of sets Turing reducible to Y. 

Since Oi(a, T) is E}, Oi(a, T) cannot be equivalent to 0(a, T), so there is an a* such 
that 0i (a*, T), and therefore an w-model M* of ACA such that T G M*, A G M*, 
M* satisfies 0{a*,T), M* satisfies 3YH{a*,T © A, Y), and M* satisfies that A is a 
^-minimal path through T. 

The proof of Lemma VIII.4. 19 of [14| now shows that there is a model M C M* of 
E];-DCo containing T and A; it follows that M believes A is a -< -minimal path through 
T. □ 

5. HlGMAN'S AND KRUSKAL'S THEOREMS 

Definition 5.1. Q is an well-quasi-order (wqo) if Q is a partial order and whenever A : 
N — > Q, there are i < j such that A(i) ^.q A(j). 

A sequence a from Q is bad if there is no i < j such that a(i) a(j). 
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Q is a well-quasi-order iff the tree of bad sequences from Q is well-founded. 

Definition 5.2. If Q is a partial order, Q <u) is the set of finite sequences from Q and -<q 
is given by a < t iff there is an order-preserving n : [0, |er| — 1] — > [0, |r| — 1] such that 
o~(i) ^ r(7r(i)) for all i < \a\. 

Nash-Williams gave the following short proof of Higman's Theorem: 

Theorem 5.3. IfQ is a wqo then so is Q <u . 

Proof. Suppose Q, is a wqo but Q <w is not. Define a < t if |cr| < |t|. Let A be an infinite 
sequence demonstrating Q <u given by the leftmost path principle. Clearly A(i) ^ (} for 
any i, since then we would have A(i) — (} A(i + 1). So we may write A(i) = 

A' (i)^ (q(i)} for all i. Define c(i,j) = iff q(i) q(j), and c(i,j) = 1 otherwise. By 
Ramsey's Theorem for Pairs, there is an infinite set S such that c is homogeneous on S. 

If c were homogeneously 1, the function q \ S would give an infinite sequence in 
Q contradicting the fact that Q is a wqo. So c must be homogeneously 0. If for any 
i < j G S, A'(i) A'(j) then we would have A(i) ^ w A(j) since q(i) ^ Q q(j). 

This contradicts the construction of A. 

Let {io, i\, . . .} be the increasing enumeration of S. Define A*(i) = A(i) if i < io and 
A*(i) = A'(i,_j ) if i > io. Then for any i < j, either i < j < i , so A*(i) = A(i) 
AO') = A*(i), or i < t < j, in which case A*(i) = A(i) ^ Hij-i ) A*(j). or 
io < i < j, in which case A*(i) = A(ii_ l0 ) ^q" A(ij_ l0 ) = A*(j). So A* is an infinite 
bad sequence and A* < A contradicting the fact that A is a leftmost path. □ 

We may observe that A* in the proof is Si, and therefore that this proof goes through 
without change in Si-LPPo- 

Schiitte and Simpson lfTTl[T3~l gave a different proof of Higman's Theorem in ACAo- 
Specifically, their proof shows that if Q <u is not a wqo then neither is w" Q+ ; it follows 
that if there is an infinite bad sequence A from Q <u) then there is an infinite bad sequence 
A' from Q such that A' is E 2 in A. 

We now wish to discuss the proof of Kruskal's Theorem; inconveniently, the proof 
concerns trees in a slightly different sense than we have been using. To avoid confusion, 
we will call these K-trees. 

Definition 5.4. A K-tiee is a finite set T together with a partial order <t such that: 

• T has a unique root r € T such that for all t G T, r <t t and if t ^ r then 
t ^-t r, and 

• Ift <t s and u <t u then either t <t u or u <t t. 

We write t At ufor the infimum oft and u, so t At u <t t, t At u <t u, and if both 
v <t t and v <t u then v <t t At u. 

If Q is a quasi-ordering, a Q-labeled X-tree is a pair (T, /) where T is a K-tree and 
f : T — > Q. We define a quasi-ordering -<k on Q-labeled K-trees by setting (T, f) 
(T',f) if there is a function tt : T — > T' such that for each t,u 6 T, n(t At u) — 
n(t) A T ' n(u) and f(t) ^ Q n(f'(t)). 

Theorem 5.5 (S2-LPP0). IfQ is a wqo then so are the Q-labeled K-trees under -<k- 

Proof. Suppose Q is a wqo but the Q-labeled A'-trees are not. Define -<* K to by setting 
(T. /) -<* K (T', /') if \T'\ < \T\. Then the tree of bad sequences of Q-labeled AT-trees is 
ill-founded, so let A be a relatively ^^-minimal bad sequence given by S2-LPP0. 
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Given a Q-labeled AT-tree (T, /), let T(T, /) be the finite set of proper subtrees of 
(T, /). If T is a tree, write vt for the root of T and ct.j for the sequence of immediate 
successors of r (in an arbitrary order). We may equate (T, /) with the pair (f(rx), o~tj) G 



Q x JP(T, /)«-. In particular, if f(r T ) =<q /'(r T ') and a T ,/ ^ <t t ,j, then (T, /) < K 

(T',n 



For each i, we have A(i) = (I*,/,). Fori < j, define c(i, j) = 0if/,-(rr 4 ) fj{rT 3 ) 
and c(i,j) = 1 otherwise. Since Q is a wqo, we may restrict A to a subsequence of 
integers where c(i,j) = 0. In particular, since A(i) ~£±k A(j) when i < j, we have 

CTt,,/, 2<k" cr T] j r 

Let 5 = (L J-(A(i)). Then A gives an infinite bad sequence in S <ul . By Higman's 
Theorem, there is an infinite bad sequence A'(i) through S. For each i, let fc, be least such 
that A'(i) € J r (A(/ci)). Let A; = min^ fci and choose i least such that ki = k. Define 



Since A* \ k = A \ k and A*(fc) = A'{i) 6 J"(A(fc)), we have A* ^ A. To see that 
A* is bad, let j < j' be given; if j' < k then A*(j) = A(j) ■£ A(j') = A*(j') and if 
k < j then A*(j) = A'(j - k + 1) ^ A'(f - k + 1) = A*(j'). If j < k < j' then 
A*{j) = AO') Z< A(fcjv-fc+i) and since A*(j") = A'(?' - fe + 1) G ^(A(fe,v_fc+i)), we 
must have A* (j) ^ A*(j'). 

But then A* is an infinite path to the left of A, contradicting the choice of A. 

To see that the proof goes through in S2-LPP0, we need only observe that we applied 
Higman's Theorem to a path given by Ramsey's Theorem for Pairs, and since we may 
choose the path given by Ramsey's Theorem is I0W2 in A (see 0), it follows that A* can 
be chosen £2 in A. □ 

A complete analysis of the proof-theoretic strength of Kruskal's Theorem was given by 
Rathjen and Weierman iflOl : S2-LPP0 is close to (but not exactly) tight, at least with 
respect to proof-theoretic strength. 

6. The Arithmetic Relative Minimal Path Principle 

In this section we prove the following: 

Theorem 6.1. For every n > 0, S n+1 (nJ)-TI proves S n -MPP . 

Throughout this section, fix a tree of sequences T and a well-ordering -< . We write T a 
for {r e T I a C r}. 

All definitions in this section are assumed to be given in ACAo- 

Definition 6.2. Let C be the language of first-order arithmetic, including a pairing func- 
tion (•, •) and the corresponding projections Pi,P2, with a new function symbol F and a 
new predicate symbol T. We define the rank n formulas and the basic rank n formulas 
inductively by: 

• F (i) — j where i, j are terms is a basic rank § formula, 

• All other atomic formulas are (non-basic) rank formulas, 

• If cf> is a rank n formula then 3x(j) and \/xcj) are basic rank n + 1 formula, 

• The rank n formulas contain the basic rank n formulas and are closed under 



We write J- n for the collection of basic formulas of rank n and write rk(cf>) for the least 
n such that (f> is a formula of rank n. 




A, V, 
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When s is a set of '£- formulas, we define s = sU {T(n) | n G T} U {-iT(n) \ n £ T}. 
We take h to be the usual deduction relation for first-order logic. 

Definition 6.3. For each n, define T n {T) to consist of those finite sets s of C-formulas 
such that: 

• If 4> <E s then <p is a closed basic formula of rank < n, 

• s is consistent, 

• If F(i) = k G s and i' < i then there is a j' such that F(i') = j' G s, 

• If F(i) = j G s then the sequence (F(0), . . . , F(i)) G T, 

• If3x<p(x) G s then there is some i such that s n -7>fe(0) ^ 

We say s decides F(i) = j if there is some j' such that F(i) = j' G s; we say s decides 
3x4> if either 3x<j> G s or Vx-«j> S s. 

Ifi is largest such that for some j, F(i) = j G s, we write a s for (F(0), . . . , F(i)). 

Ifm < n, define tt™ : T„(T) -> T m (T) by tt™ (a) = {0 G a \ rk{4>) < m}. 

If m < n, t G T m (T), s G T n (T), we write t s if there is a formula \/x<fi G s with 
rk(cj)) = n such that t h 3x^<p. 

Note that the construction of T n (T) requires arithmetic comprehension. (We could 
probably, at significant additional labor, reduce this to computable comprehension, since 
we are really only concerned with fairly direct proofs.) 

Lemma 6.4 (ACA ). If s G T„+i{T), t G T„, t 2 K +1 ( s ) an d t s then tUs G 
T„ +1 (T). 

Proof. We need only check that t U s is consistent. Suppose not. Since t is consistent, 

t I \<f> for some <j> G s of rank n + 1. It cannot be that <fi is universal, since then we would 

have t s, so (f> must be existential. But if 4> is existential then 7r™ +1 (s) h (f>, and since 
t is consistent and extends 7r™ +1 (s), we cannot have i I xj>. □ 

Definition 6.5. For each n, we define collections WF' n C Tp (T) and WF n C 7^ (T) 
inductively as follows. 

• WF^t) holds if: 

Suppose that for every r -< a t , T T is well-founded. Then T at is well- 
founded. 

• WF^ +1 (t) holds if: 

Suppose that for all s D 7r™ +1 (t) such that s t, WF n (s); then for 
alls D WF n (s). 

• WF n (t) holds if for every s D t in T n , WF^(s). 

We have stated WFq and WF to emphasize the similarity with WF' n and WF n , how- 
ever WF^(t) actually immediately implies WF (t): if WF^t) holds, sDi, and for every 
r -< a s , T T is well-founded, then also for every r -< a t , T T is well-founded, and there- 
fore T CTt is well-founded, which implies that T CTs is well-founded. This means that WF Q 
is (equivalent to) a E (II}) formula, and so for each n, WF n is (equivalent to) a S n (Il}) 
formula. 

Lemma 6.6 (ACA ). IfWF n (s) and s C f f/zen WF„(t). 

Proof. Immediate, since the definition is monotonic. □ 
Lemma 6.7 (ACA ). //VFF„(vr™ +1 (t)) f/ze« WF n+1 {t). 

Proof. Assuming fff n « +1 (t)), for every s D VFF„(s). This implies WF n+1 (t). 

□ 
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Lemma 6.8 (So(n^)-TIo). Let 4> be a basic rank formula, let s G To(T), and suppose 
that for every t C s such that t decides <$>, WFq (t). Then WFo (s). 

Proof. Without loss of generality, we may assume <j> is F(i) = 0. By main induction on r, 
we show that 

Whenever t D s with \a t \ = i + 1 - r, WF (t). 
If r = 0, t decides F(i) = 0, and therefore by assumption, WF (t). 

Suppose the claim holds for r and let t D s be given with \cr t \ = — (r+1) = i—r. If 
there is a r -< <j t such that T T is ill-founded then we immediately have WF n (t) . Otherwise, 
for each k, let tk = t U {-F(|o- t |) = k}. By side induction on k along -<, we will show that 
T atk is well-founded. Suppose that for all k' ~< k with ty G 7q(T), <7 tfe) is well-founded. 
Since \a tk \ = \a t | + 1 = i + 1 — r, we have WF (tk). If r -< a ts . and t G T, we either 
have r -< <r t , in which case we have assumed T r is well-founded, or r = af(k') = u t 
for some fc' -<! k, in which case we have that T T is well-founed by side IH. Therefore T CTtfe 
is well-founded. Since T CTtfc = T^p^ is well-founded whenever crp(fc) G T, it follows 
that at is well-founded, as desired. 

Since |ct s | = i + 1 — r for some r, the statement holds in particular for s. □ 

Lemma 6.9 (ACAo). ief 4> be a basic rank n + 1 formula, let s G T n +i(T), and suppose 
that for every t D s such that t decides <ft, W F n+ i(t). Then WF n+ i (s). 

Proof. Without loss of generality, we may assume (f> is the formula 3xip. It suffices to show 
that whenever the assumption holds of s, WF^ +1 (s). If s decides <fi we have WF n+1 (s) by 
assumption, so assume s does not decide <p. Assume s satisfies the premise of WF^ +1 (s): 
whenever t D < +1 (s) and t -< +1 s, WF n (t). 

First, consider any s + D s such that (s + \ s) n J~ n +i = {^}, so s + decides <p. Suppose 
t D 7rJ l l+1 (s + ) and t s + . Then there is a formula Vxi/j 1 G s+ and a k such that t h 
-^tp'(k). We must have Vx^' G s and therefore t s, so WF n (f). Since VFi ;l „ + i(s + ) 
holds, it follows that whenever t D 7r" +1 (s + ), WF n (t). 

Now let s_ = sU {Va;-iV} an d suppose t D 7r™ +1 (s_) and t ~< +1 s_. As before, 
there is a formula Vxip' G s_ and a k such that f h tp'(k). If V 1 ' 7^ ~'V'> again we have 
WF n {t) since t < +1 s. Otherwise, set s + = t U s U {0}; then 7r£ +1 (s + ) = t, and 
therefore VFF„(i) by the preceding paragraph. So for any t 3 7rJ l l+1 (s_) with t s_, 
lfF„(i). Since s_ decides 0, we have WF n+ i(s-), and therefore for all t D 7r™ +1 (s_), 
WF n (t). Since < +1 (s-) = 7r" +1 (s), it follows that whenever t D < +1 (s), VVF n (t), 
and therefore WF^ +1 (s). □ 

Lemma 6.10 (ACA ). Let 4>be a basic rank m formula, let n > m, and suppose that: 
Whenever s G T n (T) and for every such that t decides <f>, WF n (t), 
then WF n {s). 

Then: 

Whenever s G T n +\ (T) and for every t D s such that t decides <j>, 
WF n+1 (t), then WF n+1 (s). 

Proof. Let s G T n +i(T) be given, and suppose that for every t D s such that t decides 
(f>, WF n+ i(t). Again, it suffices to show that WF^ +1 {s). Suppose that whenever t D 
< l+1 (s) and t s, WF n (t). Let t D < +1 (s) be arbitrary; we will show WF n (t). To 
do this, it suffices to show that whenever t' D t decides 4>, WF n (t'). 

So suppose t' D t is given such that t' decides 0. If t' -< +1 s then WF n (t') by 
assumption. Otherwise, set s' = t' U s. Since s' decides </>, WF n+1 (s') holds. Whenever 



APPROXIMATING IMPREDICATIVITY IN REVERSE MATHEMATICS 



15 



t" 2 K +1 (s') = f with t" s', also t" s, and therefore WF n (t"). Therefore for 
any t" D < +1 0') = t', WF n (t"), and in particular WF n (t'). 

□ 

Lemma 6.11 (ACA ). IfWF n+1 (%) then WF n {%). 

Proof. If WF n+l {$) then, in particular, VFF/ l+1 (0). If t D then we cannot 

have t -< +1 0, so the premise of WF^ +1 ($) is trivially satisfied, and therefore whenever 
t G T n (T), t D < +1 (0) = 0, so WF n (t). In particular, WF n (<b). □ 

Definition 6.12. Given s G T n {T) and a formula (j)(x,y) with only the displayed free 
variables, we define a sequence a Si< p recursively: C a St< p, and if t C a s ^ and there is 
exactly one i such that s h ^>(|r|, i) then T^{i) □ a s ^. 

Definition 6.13. Let n be a successor. We define T n (T) to consist of pairs (s, U) such 
that: 

• S G Tn{T) 

• U is a partial functions whose domain is a finite set of basic formulas of rank < n 
of the form 3z4>(x, y, z) with only the displayed free variables, and whose range 
is {0,1} 

• IfU(<j>) is defined then U{4>) = 1 iff one of the following excluding conditions 
holds: 

- There are m,i,j with i ^ j such that 3z(f>(m, i, z) G s and 3z(j)(m, j, z) G s, 

- There is an m such that Vu-i0(m, p\{u) , P2{u)) G s, or 

- <7 Sj ^ T. 

We say (s, U) decides U((f>) ifU(4>) is defined. 
We define tt : %f~T) T n (T) by w(s, U) = s. 

If t G T n (T) and (s,U) G T n {T), we say t < +1 (s,U) if there is a <fi such that 
U (</>) — but t satisfies one of the excluding conditions for (j). 

WF' n {s,U) holds if 

Suppose that for all t D t such that t -< +1 (s, U), WF n {t); then for all 
tDw(s,U), WF n (t). 

WF n (t, V) holds if for all (s, U) D (t, V), Wp' n (s, U) holds. 
As above, we have 

Lemma 6.14 (ACA ). Ifn is a successor, 

(1) IfWF„(t, V) holds and (s, U) D (t, V) then WF n (s, U) holds. 

(2) IfWF n (s) holds then WF n {s, U) holds. 

(3) IfWF n (Q, 0) then WF n {%). 

Lemma 6.15 (ACA ). Let nbe a successor. Let </> be a formula and suppose that when- 
ever (t, V) D (s, U) and (t, V) decides U(<f>), WF n (t, V). Then WF n (s, U). 

Proof. It suffices to show that WF n (s, U). Suppose the premise of WF n (s, U) holds, so 
that whenever s' D s and s' (s, U), WF n (s'). 

First, if s satisfies one of the excluding conditions for <fr then (s, UL){((j), 1)}) G T n (T), 
and therefore WF n (s, U U {(0,1)}). Since tt(s, U U {(<£, 1)}) = n(s, U), we have 
WF n (s,U). 
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Otherwise, let (t, V) extend (s, U) such that V{4>) = 1 and dom(V) \ dom(f7) = {4>}, 
and let t' D t with t' -< +1 (t, V). Then there is a tp such that t' satisfies one of the 
excluding conditions for ip but V(ip) = 0. Therefore U (ip) = as well, so t' (s, U), 
and therefore WF n (t'). Since WF n (t, V) holds, it follows that for all t' D n(t, V), we 
have WF n (t'). 

Now set V — U U {(0,0)}, so (s, V) decides <j), and let t D s with f (s,V). 
Then there is a ip such that t satisfies one of the excluding conditions for ip but V(ijj) = 0. 
lfip^<t> then f (s, 17), and therefore WF n (i). If ip = (j> then (t, U U {(0, 1)}) 

also decides 0, and so we have shown in previous paragraph that again WF n (t). Since 
WF n (s, V), it follows that whenever Ds, WF n (s), as desired. □ 

Lemma 6.16 (ACAo). Let <j) be a formula and suppose that whenever s £ T n and for 
every t D s such that t decides <j), WF n (t), then WF n (s). Then whenever (s,U) £ 

7~ n (T) is such that for every (t, V) 3 (s, U) such that (t, V) decides <f>, WF n {t, V), then 
WF n (s,U). 

Proof. Our proof is similar to that of Lemma IS. 101 It will suffice to show WF n (s, U). 

Suppose the premise of WF n (s, U) holds, so whenever Qs and t -< +1 s, WF n (t). 

Let t D s be given. By assumption, it suffices to show that whenever t' D t and t' 
decides (f>, WF n (t'). So let some t' 3 t be given such that t' decides 4>. If t' -< +1 (s, U) 
then WF n (t'). Otherwise (t',U) D (s,U) and decides cf>, so WF n (t',U). Moreover, 
whenever t" D t' and t" (t\ U), t" (s, U), and therefore WF n (t"). So we have 
WF n (t'), as desired. □ 

By a decision of rank n, we mean either a formula of rank n, or [7 (</>) where is a 
basic formula of rank < n in the form 3z0(x, y, z) with only the displayed free variables. 

Lemma 6.17 (£ m (Uj)-TI ). Lef m fee a successor. Let 5 C f„ (T), ant/ suppose that 

there is no path through S deciding every decision of rank n. Let A be a formula in 

S m (IlJ) and suppose the following principle holds: 

If for any (s, U) £ S and any decision <j) such that whenever (t, V) 3 
(s, U), (t, V) £ S, and (t, V) decides 4>, A(t, V), then A(s, U). 

Then for every (s, U) £ S, A(s, U). 

Proof. Fix a surjective function p from N to the set of decisions, and consider the tree S' 
of increasing sequences a from S such that for each i, if p(i) is a decision of rank < n 
then a{i) decides p(i). Clearly any infinite path through S' is an infinite path through S 
deciding all formulas, so S' is well-founded. 

Let A' (a) hold if A(a(\a\ - 1)) holds, so A' is a S m (Il}) formula. We claim A' is 
progressive: let a be given with (s, U) its final element, and suppose that for all (t, V") 
such that a"~-((t, V)) £ S 1 ', A'(a^((t, V))). Then whenever (t, V) D (s, U) and (t, V) 
decides p{\a\), A'(a^((t, V))), and therefore A(t, V). Therefore A(s, U), and so A' (a). 

So by transfinite induction on S 1 , A' holds of all a, and in particular, A(s, U) for all 
(s,U)eS. ' □ 

Definition 6.18. 

%fj) + = {(s, [/) £ 7^(T) | C/(0) = 1 whenever U(<j>) is defined}. 
Theorem 6.19 (S„ + i(nJ;)-TIo). Let n be a successor. Suppose that: 
• Whenever WFo(irS(s)), WF n (s,U), 
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• IfWF n (9, 0) then WF (9), 

• There is no infinite path through T n (T) deciding every decision. 
Then T is well-founded. 

Proof. We first show that WF n (s, U) holds for all (s, U) G %JT) \ %JT) + . Let (s, U) 
be given with U(<p) =0 for some <j>. If T as 4> is ill-founded then ct s ,0 -< o s witnesses 

WF (tt$ (s)), and therefore W 7 F„(s, f7). Otherwise, for each r G T (Ts ^ let 
5 r = {(t,F)D(s,f/) |a t ,^ = r}. 

We proceed by induction on r G T CTs . showing that for every (£, V") G iS T , VFF„(i, V). 

Let (t, V) G S T be given and suppose that for every k such that <J t ^ (k) G T and every 
(*', V) 3 (s, f/) with = a t ^' (k), WF n (t', V). Let (i', V) be any extension of 
(t, V) deciding 3k<f)(\<Jt\,k) (note that, pairing variables and using the fact that n is a 
successor, this has the same rank as <p). Then since V'{4>) = V{(j)) = U{<p) = 0, it 
must be that there is such a k, and therefore t' h (j)(\a t \,k) for some k and a t > ^ G T, so 
WF n (t', V). So W F >„(i', V) holds for any (f, V) D (t, V) deciding 3k(j>(\a t \, k), and 
therefore WF n (t, V) holds. 

By induction, for any r G T„ sA , any (t, V) G 5 T satisfies WF n (t, V). In particular, 

Now we show that WF n (s, U) holds for T n (T) using the modified induction given 

by the previous lemma. Suppose that (s, U) G T n {T) and ?A is a decision such that 

whenever (t, V) D {s,U), (t,V) G %JT) + , and (t, V) decides V, W r F„(t,F). Then 

for any (t, V) D (S, U) deciding ip, either (t, V) G TJT) , in which case WF n (t, V) 

by assumption, or (i, ^ T n (T) , in which case we have just shown that WF n (t, V). 

Therefore, by the previous lemma, for every (s, U) G T n (T) , WF n (s, U). 

It follows in particular that WF n {%,%), and therefore WF (9). Since there are no 
a G T with <r ^ 0, it follows that T = T is well-founded. □ 

Definition 6.20. Let <pbe a closed formula of C. Then (p(X, Y) is the formula of second- 
order arithmetic which interprets the function symbol F by X and the predicate symbol T 
byY. 

Lemma 6.21 (ACAo). Let Abe a path through T n {T) deciding all formulas of rank < n 
and let a\ be the corresponding sequence through T given by a\(i) = j iff F(i) = j G 
A(m) for some (and therefore cofinitely many) m. 

Then whenever tfi is a closed formula of rank < n, the following are equivalent: 

(1) There is an m such that A (to) h 4>, 

(2) 4>(a A ,T). 

Proof. We proceed by induction on formulas. When <fi is atomic, the equivalence follows 
immediately from the definitions. 

Suppose the claim holds for (f> and ip. The claim for -i<f> follows from the equivalence 
for <j> and the fact that A decides all formulas of rank < n, including -i(j>. Similarly for 
other propositional combinations of (j> and ip. 

Suppose that for every k, the claim holds for <p(k). If 3x<p G A(m) then there is some 
k such that A(m) h tf>(k), and by IH, ^>(k)(a\, T), and therefore 3xcj)(a Al T). IfVx0 G 
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A(m) then there are no m',k such that A(m') h -i<f>(k), and therefore -^cf)(k)(cr\,T) 
never holds, so Vx0(cta, T) holds. The other direction follows since either 3xcp(aA, T) or 
Vx-k^(o"a, 7 1 ) must hold, and there is some m such that either 3x0 € A(m) or \/x—i(j) G 
A(m). □ 

Theorem 6.22. For any finite n > 0, S„ + i(nJ)-TI /mp/i'es S„-MPP . 

Proof. Let T be a tree of finite sequences and let -< be a well-founded partial order. Sup- 
pose that for every path A through T, there is a A' which is E„ in T © A with A' -< A. 

Suppose there were an infinite path A through T n (T) deciding every decision of rank 
< n. For each i, there is a unique cr\(i) such that F(i) — a\(i) G 7r(A(j)) for some j (and 
therefore cofinitely many j). The function a a must be a path through T. Suppose A' -< a a 
and there is a S„ formula <f> such that 3z<f>(i,j, z, T, a a) iff A'(i) = j. By the previous 
lemma, we have 3zcf>(i, j, z) G A(m) for some m iff A'(i) = j. Since A' is a path through 
T, none of the excluding conditions for <f> can ever hold, so whenever A(j) = (s, U) and 
U((f>) is defined, E/(0) = 0. But this would contradict the fact that A is a path through 

T n (T) . So there is no infinite path A through T n {T) deciding every decision. 

Observe that the first two conditions in Theorem l6.19l all hold in S„(n^)-TIo (since n 
is finite), so we obtain the conclusion that T is well-founded. □ 

7. The Nash-Williams Theorem and Menger's Theorem 

7.1. The Nash- Williams Theorem. In what follows, we will use the letter b (and vari- 
ants b' and so on) to represent finite sequences which are intended to be increasing (and 
specifically, members of a barrier). 

Definition 7.1. A sequence b is increasing if whenever i < j, b(i) < b(j). 

Let B be a set of finite increasing sequences. We write base(B) for the set of n such 
that for some b £ B and some i G dom(6), b(i) — n. 

A barrier is a set B of finite increasing sequences such that: 

• base(B) is infinite, 

• If A is an infinite increasing sequence from base(B), there is a b G B such that 

b c A 

• Ifb, b' G B and b^b' then rng(6) % rng(6') 

Ifb is a sequence, we write b~ for the sequence given by b~ (i) = b(i + 1) ( and b~ (i) is 
undefined if b(i + 1) is). 

Ifb, b' are sequences, we write b < b' if there is a b* such that b \—b* and b' C ((6*)~. 

If B is a barrier, B' C B (where B' is finite or infinite), and f : B' — » Q, f is good 
if for some b, b' G B' with b < b' , f(b) fib'). If f is not good, f is bad. If for every 
b, b' G B' with b < b', f(b) fib') then f is perfect. 

If B is a barrier, Q is a _B-better-quasi-order (B-bqo) if for every barrier B' C B and 
every f : B' — > Q, f is good. Q is a better-quasi-order (bqo) if for every barrier B, Q is a 
B-bqo. 

B is a barrier iff {b | V6' G B b' % b} is well-founded as a tree of sequences from 
base(B). 

Definition 7.2. Given Q, Q is the class of all pairs (a, /) where a is a well-order and 
f : a — > Q. If (a, /), (j3, g) G Q, we say (a, /)^q(/3, g) if there is a strictly increasing 
function ir : a — > (3 such that for all 7 G a, fipf) ^.q (7(^(7)). 
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NWT, the Nash-Williams Theorem, is the statement that for if Q is a bqo then Q is 
bqoE 

GHT, the Generalized Higman 's Theorem, is the statement that if Q is a B-bqo then 
Q <UJ is a B-bqoE 

Marcone 1 8 1 has shown: 

Theorem 7.3. (1) In ATR , NWT is equivalent to GHT. 
(2) U\-CA implies GHT. 

Since GHT is a IIj sentence, it is not possible for GHT be equivalent to Tl\-CAo. 
We will now show that Marcone's proof goes through essentially unchanged in TMPPoO 

Definition 7.4. IfB is a barrier and X C N, we write B \ X for {b e B | rng(6) CJ}. 

Lemma 7.5 (RCA ). If X is an infinite subset of base(B) then B \ X is a barrier. 

Proof. Clearly base(B \ X) C X. Suppose A is an infinite increasing sequence from X. 
Then since X C base(B), there is a b 6 B such that b C A, and therefore b 6 B \ X. 
Therefore base(B \ X) = X and every infinite sequence through X has an initial segment 
in B \ X. The other two conditions are immediate since B \ X C B. □ 

Lemma 7.6 (RCA ). // B' C B is a barrier then B' — B \ base(B'). 

Proof. Suppose b 6 B \ base(B'). Let A be an infinite increasing sequence from 
base(B') such that b C A. Then there is a b' e B' C B such that b' C A. lib' ^ b 
then we have either rng(6) C rng(&') or rng(&') C rng(&), contradicting the fact that B is 
a barrier. □ 

Definition 7.7. A sequence a from B x Q, a — ((bo, qo), ■ ■ ■ , (bk, qk)) is a bad partial 
array if: 

• When i < j, max&j < max 6.,, 

• Ifbi < bj, qi q , 

• If b G B \ base({bo, • • • , bk}) and max6 < maxfr/j then there is an i < k such 
that b = bi. 

If a is a bad partial array, we define a partial function f a :B^Qby setting f a (b) = q 
iff there is an i such that a(i) — (b, q). If A is an infinite path through the tree of bad partial 
arrays, we define / A similarly. 

Lemma 7.8 (RCAo). / is a bad function from a barrier B' C B to Q iff there is an 
infinite path A through the tree of bad partial arrays such that f = f A . 

Proof. Suppose B' C B is a barrier and / : B' — > Q is bad. Fix an enumeration of B 1 , 
B' = {bo, b\, . . .} such that if i < j then max&i < max&j. Define A(z) = (bi, f(bi)). 
Clearly / = f A . We must check that if a □ A then a is a bad partial array; the first 

*Note that even though Q is not a set, we can still formulate the statement that Q is bqo in second order 
arithmetic. 

§ Our statement of GHT differs slightly from Marcone's: Marcone takes GHT to be the statement that if 
Q is a ZJ-bqo for all barriers B then Q <UJ is a B-bqo for all barriers B, which is a TJ^ statement, and mentions 
this version of GHT as an intermediate step. 

^Marcone's proof uses the "locally minimal bad array lemma", which is a principle similar, and equivalent, 
to the minimal path principle. This lemma is essentially an encapsulation of the particular application of the 
minimal path principle we use below. Another family of relative principles — the relatively locally minimal bad 
array lemma and so on — could be defined, but since they would be minor combinatorial variants on the principles 
we have given, we do not do so. 



20 



HENRY TOWSNER 



two conditions are immediate from the enumeration of B' and the fact that / is bad. If 
b G B \ base({bo, . . . , bk}) and max b < max&fc then b G B \ base(B') = B 1 , so there 
is an i < k such that b = bi. 

Suppose A is an infinite path through the tree of bad partial arrays. Then / is clearly 
bad, and we must check that dom(/ A ) is a barrier. If b G B \ base(dom(f A )) then there 
must be some n such that b G 6ase(dom(/ A ^™)) and maxfr < ktse(dom(/ A !™)), which 
implies that b G dom(/ Ar "). □ 

We use the following uniformly effective version of the clopen Ramsey Theorem (the 
proof of the clopen Ramsey Theorem in ATRo is carried out in [6], with another proof 
given in (TJ; the effective bounds for the complexity are given in 0). 

Theorem 7.9 (ATRo). For each barrier B, there is an ordinal a such that whenever B' C 
B is a barrier and c : B' — » [0, fe] is a finite coloring, there is an infinite S C base(B) 
such that S is S a in c. 

We may adapt colorings of B to colorings of pairs from B: 

Lemma 7.10. For each barrier B, there is an ordinal a such that whenever B' C B is a 
barrier and c is a finite coloring of {b, b' G B' \ b <S b'}, there is an infinite S C base(B) 
such that S is S a in c. 

Proof. Whenever b,b' G B with b < b', write b U b' for the unique increasing sequence such 
rng(6 U b') = rng(6) U rng(fe). Define B* = {b U b' \ b, b' G B and b < b'}. Note that 
B* is a barrier on base(B): if A is an infinite increasing sequence from base(B), we may 
find some b G B such that b C A. We may also find some b' G B such that b' C A - . Then 
we have b < b', and therefore b U b' C A - and 6 U 6' G £?*. Let a be such that given any 
coloring of a subbarrier of B*, there is an infinite homogeneous subbarrier S Q in c. 

Now let £?' C B be given and let c be a finite coloring of {b, b' G B' \ b < 6'}. We may 
define a coloring c* on (£')* C B* by c*(b U 6') = c(b, b'). Let 5 C base(B') be given 
such that c* restricted to (£?')* f S is constant. Then c restricted to B' \ S is constant. □ 

Theorem 7.11 (TLPP ). GHT holds. 

Proof. Let B be a barrier, and suppose Q is a i?-bqo. We set (6, a) -< (6', o 7 ) if \a\ < \cr'\; 
clearly -< is a well-order on B x Q <u . Suppose Q <u is not a B-bqo; then let A be a 
relatively minimal infinite sequence through the tree of bad partial arrays from B to Q <bJ . 

Clearly f A {b) ^ (} for all b, so we may write f A {b) = g(b)~ (q{b)) for all b G 
dom(/ A ). For b < b' , define c(6, 6') = iff g(6) ^ Q g(b') and c(6, 6') = 1 otherwise. 
By the previous lemma, there is an infinite S C dom(/ A ) C B such that c is constant 
on B \ S is either bad or perfect, and since Q is a S-bqo, c must be constantly 0, so 
q I" (.B r 5) is perfect. 

For each n, write A(n) = (b n , q n )- Let n be least such that b n G B \ S, and define 
B* = B \ {S\Jbase{{bi\ l<n )). If G B \ S, define A' (i) = (bi,g(h)), and if 
6j G B*\(B \ S), define A' (i) — (pi, /(fe)); if neither of these apply, A' (i) is undefined. 
Let A' be the infinite sequence defined recursively by A'(i) = A' (j) where j is least such 
that Aq(j') is defined and there is no i' < i with A'(i') = A' (j). 

Observe that for i < n, A'(i) = A(i) (since by construction, for i < n, bi G B* \ (B \ 
S)), and that A'(n) ~< A(n) (since A'(n) = {b n ,g(b n )) while A(n) = (b n ,g(b n )~{q(b n )})) 

We now show that A' is an infinite path through the tree of bad sequences. Since 
dom(/ A ) = B* is a barrier, we need only show that / A is bad. Suppose A'(i) = (6, u), 
A , 0) = (6',ff / ),and&«&'. 
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We consider three cases. If b 6 B \ S and V € B \ S then a = g(b), a' = g(b'). Since 
q \ (B \ S) is perfect, q(b) < Q q(B'), and since g(b)~(q(b)) ^ g{b')~{q(b')), we 
must have g(b) ^ g(b'). 

If b e B* \ (B \ S) and b' € B*\(B \ S) then a = f(b), a' = /(&'), and we have 
f{b) ^ f{b'). 

Observe that for any b g B \ S, max(6ase(£?*) \S) < max b. In particular, this means 
that it is not possible to have b 6 B \ S but b' € B* \ (£? \ S). The remaining case is that 
b e B* \ (B f S) while 6' e B \ S. In this case we have a = fib) while a' = gib'). 
Since gib') fib') and f(b) ^ fib'), we have f(b) ^ gib'). 

Therefore A' is an infinite sequence through the tree of bad partial arrays and A' -< A. 

It remains to check that the proof just given goes through in TLPPo. It suffices to 
show that for each B, there is an a such that A' is E Q in A. Since A' is computable from 
the set S, this follows from the fact that the coloring c is computable from A and there is 
an a such that S is always E a in c. □ 

Corollary 7.12. NWT holds in TLPP . 

7.2. Menger's Theorem. In this subsection, we discuss a theorem about graphs. When 
G is a graph, we write V(G) for the set of vertices and S(G) for the set of edges. 

Definition 7.13. If G is a graph and A C V(G),B C V(G), an A-B path is a fi- 
nite sequences of vertices Vq, . . . , v n such that vq € A, v n G B, and for each i < n, 
(vuVi+i) E E(G). 

An A-B separator is a set C C V(G) such that every A-B path in G contains an 
element of C. 

Menger's Theorem for countable graphs is: 

Theorem 7.14. For any G and any A, B C ViG), there is a set M of disjoint A-B paths 
and an A-B separator C such that C consists of exactly one vertex from each path in M. 

The proof uses the following notions: 

Definition 7.15. A warp in (G, A, B) is a subgraph W ofG such that: 

• 1C V(W), 

• W is a union of disjoint paths beginning in A. 

If W is a warp in iG,A,B), ter(W) is the set of vertices in V{W) which are the 
terminal elements of paths beginning in A. 

A warp W is a wave ifter{W) is an A-B separator. 
We order waves W < Y if W is a subgraph ofY. 

It will be convenient to assume that our warps and waves do not contain elements of A 
except as the first element of a path. 

Shafer [ 12 1 shows that Menger's Theorem for countable graphs is provable in Tl\-CAo, 
and our treatment of Menger's Theorem follows his paper. His proof is split into two parts: 

Lemma 7.16 (n^-CAo). For any graph G and sets A, B C ViG), there is a count- 
ably coded u-model M of S^-DCo containing G, A, B such that M believes there is a 
maximal (with respect to <) wave W. 

Lemma 7.17 (ACAo). If M is a countably coded cu-model of S^-DCo containing 
G,A,B and M believes there is a maximal wave W then the conclusion of Menger's 
Theorem holds for G, A, B. 
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It suffices to show that the first lemma can be proven in TLPPo; by Theorems |4j4| and 
14.61 we need only show the following: 

Lemma 7.18 (ACA ). Let G, A, B be given. There is an ill-founded tree T, a well- 
ordering -<, and a computable bisection tt between waves and paths through T such that 
whenever W < W, ir(W) d n(W). 

Proof. Fix an enumeration V(G) = {go, gi, . . .} and an enumeration {po,p%, . . .} of all 
A-B paths in G. We define T to consist of sequences (<5 , • • • , 8 n ) such that: 

• If i is even, either 82% = (0, 0) or 82% = (1, q%) where qi is a path beginning with 
A and ending with gi, 

• If i is odd, 821+1 = (* + 2, S<) where Si is a non-empty subset of V(pi), 

• If qi intersects qj then either qi is an end-extension of qj or qj is an end-extension 

of ft, 

• If gi appears in qj then S 2 i 7^ (0, 0), 

• If gt <E A then S 2i ^ (0, 0), 

• If g, € Sj thenS 2l + (0,0), 

• There is some gi £ Sj such that no path q^ is a proper end-extension of q^ 

Given an infinite path A, we define a warp W = 7r _1 (A) = (J. If gi £ A then qi 
witnesses that gi G y(W r ). W is, by definition, a union of paths beginning in A, and the 
third condition ensures that distinct paths are disjoint. To see that W is a wave, observe 
that for any A-B path some element in Si must be the final element of a path. 

Conversely, given a wave W, we define a path ir(W) through this tree as follows: 

• If gi € V(W) then ir(W)(2i) = (1, qi) where qi is the (unique) path in W begin- 
ning in A and ending with g^ 

• If g t £ V(W) then n(W)(2i) = (0, 0), 

• n(W){2i + 1) = (2i + 1, V(pi) n V(W)). 

Since is a wave, ^(PF) is a path through T. 
We define -< by: 

. (l,(g,q)) ~< (0,0), 

• (t + 2,5) -< (i + 2,5") if 5" C 5. 

To see that this is well-founded, note in (i + 2, S), \S\ < \V(pi)\ is finite. 

We must check that if W < W then n(W) -< n(W). Since W < W, there must be 
some gi £ V(W) \ V(W); we may assume gi is the least such. Clearly ir(W')(2i) -< 
tt(W)(2i), so we need only check that for j < i, ir(W')(j) _^ ir(W)(j). For j even, by 
construction and the fact that i was chosen least, 7r(W)(j) = n(W')(J). For j odd, since 
V(W) C V(W), we must have tt(W)(j) d t(W')O') as desired. 

To see that T is ill-founded, observe that there is a wave W (specifically, F(PF) = A 
and E(W) = 0), and therefore ir(W) is an infinite path through T. □ 

Shafer's proof now shows: 
Theorem 7.19 (TLPPo). Menger's Theorem for countable graphs holds. 

8. The Relative Leftmost Path Principle 
In this section we prove: 
Theorem 8.1. E a+ i(nj)-TI proves WO(a) >S a -LPPo where a is a successor. 
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For the remainder of this section, fix a and assume WO(a). We write S, 7 for arbitrary 
elements of field(a) and A for limits in field(a). We also fix a sequence of trees T and a 
well-founded ordering -< . 

All definitions in this section are assumed to be givin in ATRo. We will import as 
many definitions as possible from Section [6] since for successor level our definitions are 
unchanged. 

Definition 8.2. We define C a to be the language C from above, together with, for each 
limit A G field(a; + 1), a new predicate V\. For each 7 G field(a + 1), we define the rank 
7 formulas and the basic rank 7 formulas inductively by: 

• F(i) — j where i,j are terms is a basic rank formula, 

• All other atomic formulas are rank § formulas, 

• If <j) is a rank "{formula then 3x(j) and \/x<f) are basic rank 7 + I formula, 

• For any limit A G field (a + 1) and any n, V\(n) is a basic rank X formula, 

• The rank 7 formulas contain the basic rank 7 formulas and are closed under 

A, V, 

We write T^for the collection of basic formulas of rank 7, J r <7 /or lj (5<7 J~s, and write 
rk((f>) for the least 7 such that <f> is a formula of rank 7. 

Fix a Godel coding [•] of C a . We define h on C a by adding two additional clauses to 
usual deduction relation for first-order logic: 

• s V- V\(\4>~\ ) iffrk(4>) < A and sh<f>. 

• Ifrk((f>) > A then s h -V\ (\ </>]). 

Definition 8.3. Let a be a well-ordering. For each 7 G field(a + 1), define Ty(T) to be 
the set of consistent, finite sets s of closed basic formulas of rank < 7 such that: 

• If F(i) = k G s and i' < i then there is a j' such that F(i') = j' G s, 

• Let i be largest such that for some j, the formula F(i) = j G s; then the sequence 
(F(0),...,F(i))GT, ' 

• If3x<f>(x) G s then there is some i such that s D F r k(4>) ^ 0(*)> 

• IfV\(\4>\ ) G s then rk(<f>) < A and s n F^kU) ^ 4>- 
If s G J~\, we write rk(s) — max{rfc((4) | <fi G s D J r <\}. 

We say s decides V\({4>]) ifV x {\(f\) G s, Vx{\^<j>~\) G s, or rk(4>) > A. 
If 5 < 7> define n] : T 7 (T) -> T&{T) by tt](s) = {dp G s \ rk{cp) < 5}. 
IfS<\tE Ts(T), s G T\{T), we write t s if there is a formula V\(\<fi~\) G s 
such that t I i(f). 

Definition 8.4. We extend the definition ofWF^ C T 7 (T) fey adding a definition for limits: 
. WF' x (t) holds if WF^ [t) {^ rk{t) ). 

Note that, as above, each WF\ is a formula. 
Lemma 8.5 (ATR ). If WF 7 (s) andsCt then WF 7 (t). 

Lemma 8.6 (E 0+ i(nJ)-TIo). Let S < 7 < a. Then: 

(1) If WF 5 (tt](s)) then WF^(s), and 

(2) Ift G 7~~/{T) n Ts(T) and WF y (t) then WF s (t). 

Proof. We prove these by simultaneous induction on 7, 5. (Note that the statements of 
these two parts are of the form Vx(<p(x) — > ip(x)) where <fi, ip are £ 7 (nj) or £,5(Ilj) with 
5 < 7 < a, so the statement of the theorem is £ 7 _|_i(I[j), and so at worst £ a _|_i(I[j).) 
Suppose the claim holds for all pairs 6' < 7' with either 6' < S or 7' < 7. 
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If 7 = 5, this is immediate. Suppose S < 7 and 7 = /3 + 1. If VFF5(7r^ +1 (s)) then by 
IH, WFp(nf +1 (s)), and therefore by LemmaO WF 0+1 (s). 

If < G 7a+i(T) nTi(T) = 7KT) and W^ift) then t contains no formula of rank 
(3+1, and so there are no s D 7r^ +1 (i) = t such that s < +1 t, so we must have WFp(f), 
and therefore by IH, WF 5 (t). 

Suppose 7 = A is a limit ordinal. If WFg(wg(s)), we consider two cases. If rk(s) > 5 
then we have WF rk ^ {^ k ^ (s)) by applying the first part of IH to S, rfc(s), and therefore 
WF\(s). If rk(s) < 5 then we have Ttg(s) = ^k(a) (s), so by applying the second part of 
IH to rk(s),S, we have WF rk ^(s). 

Suppose t G 7a (T) n Ts(T) and WF\{t). Then since rk(t) < 5, we may apply the 
first part of IH to rk(t), 6 to obtain WF s {t). □ 

Lemma 8.7 (S a _|_i(U.];)-TIo). Let 8 < 7 < a, let (ft be a basic rank 5 formula, let 
s G Tj(T), and suppose that for every t D s such that t decides (ft, WFy(t). Then 
WEy(s). 

Proof. By main induction on S and side induction on 7. (Note that for a given 7 the 
statement is E 7 +i(nJ), so the statement is S Q +i(n}).)The case where 5 = 7 = is 
handled by Lemma 16781 The case where 5 — 7 and 7 is a successor is handled by Lemma 
16.91 The case where S < 7 and 7 is a successor is handled by Lemma 16.101 

So suppose 7 is a limit ordinal. It suffices to show that if for every t D s such that 
t decides (ft, WF 7 (t), then WF^s). If S = 7 then (ft = Vy(\ip']); in this case, we set 
ift = Bxij/ for some variable x not appearing in ift; otherwise S < 7 and we set if) = ip'. 
Set /3 — max{rfc(s), rk(tft)} < 7. 

Suppose t D ttJ(s) and t decides ip. Set 

!t U s if S < 7 

tUsU{V{\ift'])} if<5 = 7andth^> 
tU sU{V(\^ift'])} if 8 = j and t\-^ip 

Then for any p, t' H p iff t h p, so t' is consistent. Also, t' D s and t' decides (ft, so 
WF 7 {t'). Since rk(f ) = /3 and nj(t') = t, we have WF fj {t). Since Wi^(t) holds for 
all t 2 7r^(s) deciding it follows from IH that W Fp(iil(s)) holds. Therefore WF 7 (s) 
holds. □ 

Lemma 8.8 (S„(nJ)-TI ). IfWF 7 ($) then WF {9). 

Proof. By induction on 7. If 7 is a successor, this follows immediately from IH and 
Lemma l6.HI If 7 is a limit then since rfc(0) = 0, we immediately have VFF 7 (0). □ 

The definition of T 7 +i given above for 7 a successor is unchanged. In particular, we 
obtain: 

Theorem 8.9 (Ti a+ i(Tl\)-TIo). Assume a is a successor. Suppose there is no infinite 
path through T a (T) deciding all decisions of rank < a. Then T is well-founded. 

Proof. We apply Theorem |6.19l The first two assumptions are given by Lemmas |8.8| and 
18.71 Note that Lemma |6.17| is identical for S a+ i(n}) formulas. □ 

Definition 8.10. Let (ft be a closed formula of C a . Then <p(X, Y) is the formula of second- 
order arithmetic which interprets the function symbol F by X, the predicate symbol T by 
Y, and V\ ( [(ft] ) by VY (H e (A, Y) -)■ ( \(ft\ , rk(<j>)) G Y) for a suitable formula 9. 
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Lemma 8.11 (ATRo). Let Abe a path through Ta{T) deciding all formulas of rank < a 
and let a\ be the corresponding sequence through T given by a\(i) = j iff F(i) = j G 
A(m) for some (and therefore cofinitely many) m. 

Then whenever is a closed formula of rank < a, the following are equivalent: 

(1) There is an m such that (f> e A(m), 

(2) 4>(a A ,T). 

Proof. We proceed by induction on formulas. The only new case is when <fi — V{\ip~\)'> 
this is easily covered by the inductive hypothesis. □ 

Then the proof of the following is unchanged: 

Theorem 8.12 (S a+ i(nJ)-TI ). If a is a successor, S Q -MPP . 
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